Week 01

Real Numbers and their properties

The following figure shows the relationships among the subsets of R (the real number
system) defined earlier. This figure indicates, for example, that every natural number
is automatically a whole number, and also an integer, and also a rational number.

Rational Numbers (Q) Irrational Numbers
Integers (Z) Decimal form is non-terminating and
.-3,-2,-1,0,1,2,3... non-repeating
Whole Numbers
0.1.2.3...

Jumbers

Types of Real Numbers

The Natural (or Counting) Numbers: This is the set of numbers

N ={ 1,2,3.4,5, .. } The set 1s infinite, so 1 list form we can only write the
first few such numbers.

The Whole Numbers: This 1s the set of natural numbers with 0 added:

{ 0,1,2,3,4,5, .. }. Again, we can only list the first few members of this set.
No special symbol will be assigned to this set in this course.

The Integers:This is the set of natural numbers, their negatives, and 0. As a list,
this is the set Z ={ ..., —4,-3,-2,-1,0,1,2,3,4, ... |. Note that the list
continues indefinitely in both directions.




The Rational Numbers: This is the set, with symbol @ for quotient, of ratios of
integers (hence the name). That is, any rational number can be written in the form

£ . where p and g are both integers and ¢ # 0. When written in decimal form,

rational numbers either terminate or repeat a pattern of digits past some point.

The Irrational Numbers: Every real number that is not rational is, by definition,
urational. In decimal form, urational numbers are non-terminating and
non-repeating. No special symbol will be assigned to this set in this course.

The Real Numbers: Every set above 1s a subset of the set of real numbers, which
is denoted . Every real number is either rational or irrational, and no real number

18 both.

S'ETN I In the following set identify the a natural numbers, b. whole numbers, c. integers,
FERNOYER d. rational numbers, and e. wrational numbers.
Types of Real

Numbers g={-.J4, % 0,2./2 ,587,2./16 , 3x, &)
Solution:
a. The natural numbers in Sare 2./ 16 and 8*. 2,./16 is a natural number since
2.4 16 =8.

b. The whole numbers 1n .5 are 0, EJ{-E and 8%,

c. The integers in S are —_:JT , 0, Lfﬁ and 8",

5 — —
d. The rational numbers are E 5.87,—.J4 ,0,2,/16 and 8*. Any integer p
automatically qualifies as a rational number since it can be written as =

e.  The only irrational numbers in S are 2,-4? and 3. Although well known

now, the irrationality of ,j 2 came as a bit of a swrprise to the early Greek
mathematicians who discovered this fact, and the irrationality of @ was not
proven until 1767.

Iin the following set identify the a. natural numbers, b. whole munbers, ¢. integers,
d. rational mumbers, and e. vrational mmmbers.

5
S={-.4, <.0,22 587,216 , 31, 8%



Solution:
a. The natural munbers in Sare 2./ 16 and 8%, 2./16 is anatural number since

2./16 =8.
b. The whole numbers in Sare 0, 2./ 16 and 8%

The integers in S are —,JI ,0,2./16 and 8%
5 . -
d. The rational numbers are E 5.87,—./4 ,0,2,./16 and8*. Any integer p

automatically qualifies as a rational number since it can be written as ‘%

e. The only urational numnbers in 5 are 2./2 and 3. Although well known

now, the irrationality of ./ 2 came as a bit of a surprise to the early Greek
mathematicians who discovered this fact, and the irrationality of @ was not

proven until 1767.

The Real number line

The Real Number Line

It 1s often convenient and instructive to depict the set of real numbers as a horizontal
line, with each point on the line representing a unique real number and each real
number associated with a unique point on the line. The real number corresponding to
a given point is called the coordinate of that point. Thus, one (and only one) point
on the line represents the number 0, and this point is called the origin of the real
number line. Points to the right of the origin represent positive real numbers, while
points to the left of the origin represent negative real numbers.

Figure 2 1s an illustration of the real number line with several points plotted. Note
that two irrational numbers are plotted, though their locations on the line are
necessarily approximations.

Figure 2: The Real Number Line



Graph inequalities

We choose which portion of the real munber line to depict and the physical length
that represents one unit as suggested by the numbers that we wish to plot. For
example:

xample 2 : BRb];

=
S GLEEEN 2. -5, -3, and 3
- ) 2
Numbers b. 2 > and 21
2 4
Solution:
a. Ifwe want to plot the numbers -5, -3, and 3, we might construct the diagram
below.
-5 -3 3
g+ttt
-5 -4 -3 -2 -1 n 1 i 3 4 3
J.'I
b. Ifwe want io plot the numbers 2,;—, and ——, we might make the unit interval
longer. 5 21
27 4
-
-& -5 -4 = =] -1 0 1 2 3 4 ] i
Inequality Symbols (Order)
Symbol Meaning
a < b (read "a 1s less than &") @ lies to the left of & on the number
line.
@ < b (read "a 1s less than or @ lies to the left of 4 or is equal to 4.
equal to ")
b>q (read "5 1s greater than ¢") £ lies to the right of @ on the number
line.
b > a (read "& 1s greater than or £ lies to the right of @ or 1s equal to a.
equal to @")
The two symbols < and > are called strict inequalities, while the symbols < and >
are non—strict inequalities.




EIpllERSM a. 5= 9, since 3 lies to the lefi of 9.
Qualifying

NELPEUNESR b, 5 < 5, since 5 is equal to 5. Note that for every real nnmber . a <7 and g > a.

c. —7=-163, since —7 lies to the right of —163.

d. The statement "5 is greater than —2" can be written 5 > —2.

e. The statement "z 12 legs than or equal to & + " can be written a < b + .
f.  The statement "> is strictly less than y" can be written x < y.

g. 'The negafion of the statement = < 5 1 the statement g = 5.

h. Ifa<handz = b, then it must be the case that ¢ = 5.

Notation Meaning

(a,.b) {x]a<x<b}, orall real numbers strictly between 2 and 2.

[a. b] {x]a<x<b}, orall real numbers betweena and A,
including both ¢ and 5.

(a b] {x|a<x<k&}, orall real numbers betweena and 4,
including # but not a.

(—w,b) {x|x<bh},orall real numbers less than 5.

[a,o) {x]|x=a},orall real numbers greater than or equal to a.

B ( EXAMPLE 4 | Graphing Inequalities

{a) On the real number ling, graph all numbers x for which x = 4.
i(b) On the real number line, graph all numbers x for which v = 5,

Solution (a) Sce Fizure 8, Notice that we use a left parenthesis to indicate that the number 4

Figure & is ot part of the graph.

[H Y T T Y T N S B (h) See Fipure 9 Wotice that we use a right bracket tooindicate that the number 5
-2-1 01 2 3 45 5 iy part of the graph ._]
Figure 9
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Sets and their properties

Intersection & Union

DEFINITION If A and B are sets, the intersection of A with B, denoted A M B, 15 the set
consisting of elements that belong to both A and B. The union of A with B,
denoted A U B, is the set consisting of elements that belong to either A or B,

or both. _]

EXAMPLE 2 | Finding the Intersection and Union of Sets
Let A = {1,3.5,8}.B = {3,5.7},and C = {2.4.6,8}. Find:
(a) ANB (b) AUB (©) BN(AUC)

Solution (a) ANB = {1,3,5.8}N{3,57} = {3,5}
(by AUB = {1,3,5,8}U{3,5,7} = {1,3,5,7.8}
(c) BN(AUC) = {3,5. 7N ({1,3,58 U {2,4,6,8})
= {3,5.7}N{1,2,3.4,5,6,8} = {3,5} ._]

Union
In this definition, 4 and 5 denote two sets, and are represented in the

Venn diagrams by circles. The operations of union and intersection
are demonstrated in the diagrams by means of shading.

The union of 4 and B,

denoted A4 U B, 1s the set
{x|xe AorxeB}

That 18, an element x 151 AW 8B

if 1t 18 1 the set A4, the set 5 or both.

Note that the union of 4 and £
containg both individual sets.




Intersection

In thig definition, 4 and £ denote two setg, and are reprezented in the
Venn diagrams by circles. The operations of union and intersection
are demonstrated in the diagrams by means of shading.

The i1ntersection of 4 and B,

denoted 4 — 5, 1s the set

{x|xe Aand x € B } A
That is, an element x 18 1in A~ B

if 1t 15 1n both 4 and 5. Note that

the intersection of A and 5 18

contained 1n each mdividual set.

Simplify each of the following set expressions, if possible
a [ -5.5]w[ L.7)
Solution:

Picture these intervals on a munber line. Because they overlap, their imion can be
described as a single interval, from the left-most point to the right-most point.

Answer: [ -5.7) Fe=call, the bracket 12 a closed interval, meaning that the
point is included in the interval. The parenthesis 12 an open
interval, meaning the point it2elf is not included

b. [-5,5] [ L17)
Solution:

We already realized in part a. that these intervals overlap. Their intersection consists
of those parts contained in both, or the overlapping section.

Answer: [ 1.5 ] Ba sure to carry forward the same notation. Do not replace




c. (-2,6)~ (6, 10]
Solution:

Because these infervals are open at the point 6. they do not overlap. They have no
elements i conumon, and thew mtersection is the @,

Answer; )
d. { —om, 10) L.J'[ 7, )
Solotion:

These mtervals do overlap. Thus, their mion ranges from negative mfimity to mhmty,
and represents the entire zet of real numbers.

Angwer: ( — m, o= )

Absolute Value
Absolute Value and Distance on the Real Number Line

In addition to order, the depiction of the et of real numbers as a line leads to the
notion of distance. Physically, distance 1s a well-understood concept: the distance
between two objects is a non-negative number, dependent on a choice of measuring
system, indicating how close the objects are to one another. The mathematical idea
of absolute value gives us a means of defining distance in a mathematical setting.

Absolute Value
The absolute value of a real number «, denoted as | @ |, is defined by:
a if a=0
—a ifa<0
The absolute value of a number is also referred to as its magnitude; it is the
non-negative number corresponding to its distance from the origin.

| e |=

Note that this definition implicitly gives us a system of measurement: 1 and -1 are the
two real numbers which have a magnitude of 1, and so the distance between 0 and 1
(or between —1 and 0) is one umt. Note also that 0 is the only real number whose
absolute value is 0.



—x |=| © |=a Both-mand 7 are m units from 0.

173 |=| 3-17 |=14. 17 and 3 are 14 units apart.
|71 _ 7
= =
71_7
=L =7
7 7
—| =5 |=-5. Note: The negative sign outside the absolute value symbol is

not affected by the absolute value, Compare this with the fact that —{ -5 ) = 3.
J7 =2 |=.[7 -2 Evenwithout a caleulator, we know .7 is larger
than 2 (since 2 = ,J'I ), 50 ,-F — 2 1= positive and hence

S = =y =

,J'T_' - 19 | =19 - F . In contrast to the last example. we know

« 7 —19 iz negative, so its absolute value is 19— ./ 7 .



The previous examples 1llustrate some of the basic properties of absolute value. The
list of properties below can all be derived from the definition of absolute value.

Properties of Absolute Values
For all real numbers @ and &,
1. | a |[z0
2. | -2 |=|a|
3. as<| a |
4. | et |=|a || & |
a |_la]
5 — | = B#0
5 e
6. | a+& |=| @ |+]| & | (Thisis called the triangle inequality, as it is a
reflection of the fact that one side of a triangle 1s never longer than the sum of
the other two sides.)

The following example also illustrates some of the properties of absolute values.

a | (=3)5) |=| <15 |=15=| -3 | 5 |
b. 1=| -3+4 |=| -3 |+]| 4 |=7
c. T=| -3-4 |<| -3 |+| 4 |=7

3| -3 3
SRR

717



Properties of Exponents

Throughont this table. @ and b may be taken to represent constants, variables, or more complicated
alpebraic expressions. The letters n and m repre=ent ntegers.

Property Example
CEE (=30 (3)'=(3p*=(-3)=9
-0
9 izﬂw—m AT RS
ar 710
1 , 1 1 1
a P -
3' a"’_E S_E_E Hﬂ.d .ES—F
1. (ay” =a™ (PF=20"2=25=¢4

Properties of Exponents, cont.

Property Example
5, (ab)'=a"b" ( Tx ) =7 =343 and
[ —2x’ ::'h ={ =29 ) ="
VoA f34 3¢ 9
6. (i:]=— |—:]= — = — and
h | b* L X P ¥
|/1"~.|2_ CH
VIS (kY e
Ca Tt b 507 4 e
7 ‘i?} o -HI,) 5125
. a™ b 3F ¥ 1
' b a" 2+ 3# 9

In the above table, it 15 assumed that every expression 1= defined. That 1=, 1f an exponent 15 [, then the base 13

non-zero, and if an expression appears in the denominator of a fraction, then that expression 13 non-zero, Remember
that a” = 1 for every a# 0




Incorrecet Statements Corrected Statements

3. x6= x!8 X X9= x°
22 2%=4q4> 2% 2 =22
(x*t+6y) ! = -l—x e (P + 6y) L= =
' X Gy x?+ 6y
Bxy=5x" Bx)> = 25x>

Polynomials

A polynomial in one vanable 1s an algebraic expression of the form

|
a,x" + a, X" o+ ax ¥ gy (n)

where a,.d,_7....,d,dy are constants,® called the coefficients of the
polynomial, # = 0 is an integer, and x is a variable. If a, # 0, it is the leading
coclficient, and » 15 the degree of the polynomial. ]

The monomials that make up a polynomial are called its terms. If all the
coefficients are {1, the polynomial is ealled the zero polynomial, which has no degres.

Folynomials are usually written in standard form, beginning with the nonzero
termn of haghest degree and continwing with terms in descending order according 1o
degree. If a power of x 1s missing, it 15 because iis coefficient 15 zero.

Field Properties

In this table, @, #, and © represent arbitrary real numbers. The first five properties

apply to addition and multiplication, while the last combines the two.
Name of Property  Additive Version Multiplicative Version

Closure a+b isareal number @b is areal number
Commutative atb=5t+a ab = ba
Associative a+(b+c)=(ath)+c al be Y= (ab e

Identity a+0=0+a=a ga-1=1-a=a

1
Inverse a+(-a)=0 a —=1(fora#0)
i

Distributive albteo)y=ab+ac




Examples of Polynomials

Polynomial Coelficients Degree
—8xX + 4 + by + 2 —8,.4.6,2 3

3x' =5 =3x" + O+x + (—3) 3,0,-5 2
E—2v+x =1+ (-2)x+8 1, -2, 8 2

Sx + V2 =52+ V2 5,2 1

=31 =3-%" 3 0

{ ) No degree

a. Consider the following expression:

277 (2 + ¢ )+ 3y =T (x+)P)

The following table 1llustrates the elements of this expression and their names.

Algebraic Expressions =277 (25 +p ) + 3y =7 (x+)?)
Terms ~27)° (20 +y) Wy T(x+))
Factors =27, v . (2x*+y) 3,vy —7 . (x+)%
Coefficient ( of term ) -27 3 -7
Variable Factor ( of term ) y(2x*+y) vy (x+)7)

Note that -27, 3, and ~7 are simultancously factors and coefficients. Also,

both (2x* + ¥ ) and (x + 3? ) are made up of two terms. but they are not terms
of the original expression, just terms of those factors.



Order of Operations

If the expression is a fraction, simplify the numerator and denominator
individually, according to the guidelines in the following steps.

Parentheses, braces, and brackets are all used as grouping symbols.

Simplify expressions within each set of grouping symbols, if they are present,
working from the innermost outward.

Simplify all powers (exponents) and roots.

Perform all multiplications and divisions in the expression in the order they
occur, working from left to right.

Perform all additions and subtractions in the expression in the order they
occur, working from left to right.
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