Math120 - Precalculus. Final Review

Prepared by Dr. P. Babaali

1 Algebra

1. Use the properties of exponents to simplify the following expression, writing your answer with only
positive exponents.

a) 57757 b 32732 -1 ¢) (10z3)~2 52 -3
(a) (b) ((327%y%)") (c) (10z%) @ <8y2>

2. Factor the following polynomial.
(a) y*+ 10y + 16 (b) z* + 222 -3 (c) 3-8 (d) z3 — 4z

3. Solve the following equations. If needed, write your answer as a fraction reduced to lowest terms.

(a) —7(3w —2) =22(5 —w) (c) >+ 10y +24 =0 (e) Ty +22y+24 = 6y* + 36y — 21
(b) 5y +7 —8=-5 (d) 2% — 4z =45 ) VI—y—y=3

4. Solve the following inequalities.Describe the solution set using interval notation first and then graph it.

(a) 2< ¥t <5 (b) 4]t +2| <20

5. Multiply or divide the following rational expressions, as indicated, and simplify your answer.

2?2 — 122427 2?2 +3z—18 4z —4  9x?

: (b) S
r+3 r+3 T 8r —8

(a)

6. Find the restricted values of x for the rational expression (the domain) . If there are no restricted values
of x, then state ”No Restrictions”.

2?2+ +15 20 -5
b
(a) x3 — 4z () 72 — 81

7. Simplify the expression. Assume that all variables are positive when they appear.

(a) V50 — /18 — /8 (c) 3/ —27x!18y36
(b) V/SafH02 (@) (VIT = VE)(VIT +B)
8. Find the values of a, b, and ¢ for which the quadratic equation ax? 4 bx + ¢ = 0 has the given numbers
as solutions. Then use those values to write a quadratic equation.

1
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2 Lines and Circles

Consider the following equation. 3y — 24 = 4x

(a) Determine the z- and y- intercepts of the given equation. If one of the intercepts does not exist,
state ”absent” for that intercept.

(b) Graph the given equation by plotting the  and y intercepts. If an intercept does not exist, use
another point to plot the graph.
Determine whether or not these points are the vertices of a right angled triangle:(3, —5), (9, —5), (9, 0).
For the points A = (—6,—1) and B = (2,—10) .

(a) Find the distance between A and B.

(b) Find the coordinates of the midpoint.

(¢) Determine the slope of the line that passes through A and B. Please enter your answer in simplest
form. If the slope is undefined state ” Undefined”.

Find the slope of the line determined by the following equations. Please enter your answer in simplest
form. If the slope is undefined state ” Undefined”.

(a) by+3z =7 (¢) 3z—1=0
(b) 4y =38 (d) y =4z —1

Consider the following equation. = 4 4y = 5

(a) Rewrite the equation in slope-intercept form.
(b) Given z = —7, find the value for y and graph.
(¢) Given z = —3, find the value for y and use the points to complete the graph of the line.

Write the slope-intercept form of the equation for the line that passes through the points (—6,3) and
(1,4).

Consider the following equations of two lines. Reduce all fractions to lowest terms. 6 — %TM =br+4
and 5z — 2y = 10

(a) Rewrite the first equation in slope-intercept form.

(b) Rewrite the second equation in slope-intercept form.

(¢) Determine if these two lines are perpendicular.
Consider the following equation of a line. Reduce all fractions to lowest terms. 8z 4 4y = 15

(a) Rewrite this equation in slope-intercept form.

(b) Find the equation, in slope-intercept form, for the line which is parallel to this line and passes
through the point (—7,8) .

Complete the sentences below:
The line y = bz + 2 and y = ax — 1 are perpendicular if a =
The line y = 3z — 1 and y = ax are parallel if ¢ =

The slope of a vertical lineis _________________ ; the slope of a horizontal lineis __________________.

Find the standard form of the equation for the circle with radius 3 and center (3,1)



20. Consider the equation 22 +%? —8y+7 = 0, Find the center (h, k) ,and radius,  of this circle and graph
the circle.

21. Consider the equation 22 + y? — 14z + 10y + 38 = 0, Find the center (h, k) ,and radius, r of this circle
and graph the circle.

22. Consider the circle pictured below.

(a) Find the center (h, k) ,and radius, r of this circle.
(b) Write the equation of the circle in standard form.
(¢) Find the intercepts.
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3 Quadratic Functions

23. Answer each question about the function f(r) = 2? — 2z — 1
(a) Is the point (2,—9) on the graph of f?
(b) If f(x) = —1, what is z?
(c) List the vertex and the axis of symmetry of f.
(d)
(e) List the y-intercepts if any of the graph of f.

(f) Graph f(z).
24. Consider the following quadratic function. k(x) = (z — 2)2 — 9

List the z-intercepts if any of the graph of f.

(a) Determine the z-intercept(s), if any, and the y-intercepts of this function as ordered pair(s).
(b) Determine the vertex and the axis of symmetry.
(¢) Graph this quadratic function by identifying two other points on the parabola.

25. Determine the equation of the quadratic function whose vertex is (—1,4) and the y-intercept is —3.

26. If (b, 15) is a point on the graph of the function y = 22 + 5z + 1, what is b?

4 Functions and Graphs

X

V1—a2

27. Choose the domain of the function f(z) =



28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

(a) (—o0,00) (c) (=1,1] (e) [-1,1]

(b) (=1,1) (d) (=00, =1)U(1,00) (f) (=00, —1JU[1,00)
Given the following function: h(z) = 532 determine the domain of h(z). Express your answer in

interval notation.

Determine the domain and range of the function defined as g(x) = v/ + 7. Express your answer in
interval notation.

For f(x) = 2 + 3 evaluate and simplify:

(a) flz+1)= (b) flz+h) = (¢) flx+h)—fla)= (q) L@HP) = f@)

Determine if the following function is even, odd, or neither.

(a) f(z)=(z+3)°+5 __
(C> g(m " cosz+1
3 T
(b) hiz) = = (d) i2) = =

For f(z) = 23 + z and g(x) = 2% + 3 determine
(a) (fog)(1). (b) (goN)2).

For f(z) =z + 5 and g(z) = 2% — 1 find the formula for

(a) (f +9)(@). (c) (f9)(@). (€) (feg)(x).
(b) (£)(x). (d) (f = 9)(=). (£) (g0 )(x).
Find functions f and g such that (f o g)(x) = |5z + 1
|z, x < =2
Evaluate the following for f(z) if f(z) =<2z +2, —-2<2x <4,
23, T >4
(a) f(5) (b) f(=2) (c) f(0) (d) f(=3)

Given the following relation: y = 2z + 5

(a) Enter four points for the inverse of the above relation.
(b) Find the inverse.

(c) Enter the domain and range of the inverse.

Find a formula for the inverse of the given function.

(@) g(@) = a¥ +1 (b) pla) =

Use the given graph of y = f(x) to evaluate the following and graph the inverse of f(z).



39. Consider the following function. h(x) =3 -2z —1

(a) Identify the more basic function that has been shifted, reflected, stretched, or compressed.

(b) Indicate the shape of the function that was found in step 1.

-
-—r
-~
i
-0
—0
-—

(¢) Graph this function by indicating how the basic function found in step 1 has been shifted, reflected,
stretched, or compressed.

(d) Determine the domain and range of this function. Write your answer in interval notation.

1
r—4

40. Consider the following function. f(x) = -5

(a) Identify the more basic function that has been shifted, reflected, stretched, or compressed.

(b) Indicate the shape of the function that was found in step 1.



o
B

(¢) Graph this function by indicating how the basic function found in step 1 has been shifted, reflected,
stretched, or compressed.

(d) Determine the domain and range of this function. Write your answer in interval notation or symbol
notation.

(e) Identify the horizontal, vertical and the oblique asymptotes if any of this function.

41. For the graph shown below determine:

y=1(x)
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(a) f(=3) = (c) (f +9)4) = (e) (g0 f)(2) =
(b) 9(2) = (d) (f9)(=6) = () (fog() =

f) [ -9 -7[ -5 -3[-1] 1

43. Choose the function that matches the given graph.

(a) y = —22° (b) y=—lz +1] (€ y=lr+1]+2 (d) y=lr—2/+1

44. For the fuction shown below

(a) What is f(2)? (d) Domain?
(b) Is f(—2) positive or negative ? (e) Range?
(¢) For what values x is f(z) <0 ? (f) Intercepts?



45. A functionf has an inverse function. If the graph of f~! lies in quadrant III, in which quadrant does

the graph of f(z) lies?

T +4, —3<zr<l1
46. [8 Points] If f(x) = < 4, x=1 ,
—xr+3, x>1
(a) Evaluate the following
i, £(0) = i, f(1) = iv. f(4) =

i f(-2) =

(b) Choose the correct graph of this function below.
(1.5)
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Zgg , where d(z) is

5 Polynomial and Rational Functions

47. Use polynomial long division to rewrite the following fraction in the form g¢(x) 4+
the denominator of the original fraction, ¢(x) is the quotient, and r(z) is the remainder.
3+ 42? — 21z — 13
z—4




48.

49.

50.

51.

52.

53.

54.

55.

56.

Use synthetic division or long division to determine if £ = 5 is a zero of this polynomial. If not,
determine p(k).
p(z) = 32* — 192 — 62 + 1422 — 60

Given the following polynomial: ¢(z) = x* — 523 + 52% + 52 — 6

(a) Identify the potential rational zeros.

(b) Use polynomial division or synthetic division and the quadratic formula, if necessary, to identify
the actual zeros.

—14x% + 27z —9
Given the following rational function: f(z) = x7 x+— 358

(a) Find equations for the vertical asymptotes, if any, for the rational function.
(b) Find equations for the horizontal or oblique asymptotes, if any, for the rational function.

(¢) Find the domain of the rational function.

Construct a polynomial function that has Second-degree, with zeros of -4 and 3, and goes to —oo as
T — —00.

Construct a polynomial function that has degree three, with zeros of -4 with multiplicity 2, and 3 with
multiplicity 1, and goes to —oco as x — 0.

Solve the polynomial equation z* — 622 + 8 = 0, by factoring or using the quadratic formula, making
sure to identify all the solutions.

Match the polynomial function z(z) = (z — 1)(x + 2)(3 — z), by determining the z-intercepts, the
y-intercept, and the behavior as * — oo from one of the graphs labeled below.

36

24 12 24
12 z2 q 12
0 12 | 0
-12 ° 24 2
24 -2 _36 —24
2 -4 0 4 8 = 4 0 4 8 -2 -4 0 4 8 -8 -4 0 4 8

Sketch a graph of the function Q(x) = (z — 2)%(z + 1)(z — 5).

z+1
Given the rational function: f(z) = ——
f(@) 2—x+6
(a) Find equations for the vertical asymptotes, if any, for the rational function.
(b) Find equations for the horizontal or oblique asymptotes, if any, for the rational function.

(c) Which of the following graphs is the graph of f(z)?
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6 Exponential Functions
57. Which function matches the graph shown in the following graph ?
a) y =212 b) y =27F +2 c) y=27"2 d) y=2%-2
Y Yy Y Yy

58. Use the properties of logarithms to expand or simplify the following expression as much as possible.
Simplify any numerical expressions that can be evaluated without a calculator.

(a) logy(8127) (c) logs(£=4) (e) logyo5 + logyg 2
(b) In /ey (d) Ine*2 (f) en25



59.

60.

61.
62.
63.

64.

65.
66.

67.
68.

69.

70.

Let log(a) = 3 and log(b) = —12. Find log(%) and log(a?b3) .

Solve the following equations. If there is no solution, state ”No Solution”.

(a) (é)5w+5 = (i)4 (e) log5(x —1) +logg(z —3) =1
(c) logg(z? + 12z + 32) — logg(x + 8) =0 (g) 27 245z _ 43

Find f o g(z) and go f(z) when f(z) = In(z) and g(z) = e**.
Find the domain of the function f(z) = In(z — 3). Determine the range and any asymptotes of f(x).
For f(z) =2+ log(z — 5).

(a) Identify and graph the more basic function that has been shifted, reflected, stretched, or com-
pressed to obtain f(x).

(b) Graph f(z).

7 Trigonometric Functions

Convert the radian measure to degrees, or the degree measure to radians.

(a) 22 (b) 630° (c) 4= (d) 270°

Name the quadrant in which the angle 6 lies when cosf < 0 and tané < 0.

Use trigonometric identities to simplify the expression.

(a) secxcosw . secd sin(8) tan(Z — A)
(c) csc (e) cos(3)
(b) ﬁ (d) esc(z + 2m) sinx () COS(%T — %T)

If sinf = % and @ is in quadrant II, find all other trigonometric functions of 6.

Find the exact values of each of the remaining trigonometric functions of § when tanf = —% and
sec < 0.

Find the exact values of the given expression using the table of basic trigonometric values.

(a) tan(1lm) (c) sin(
(b) sec(207) (d) cot(

) (e) cot(420°) (g) cos(13")
) f) tan(lij’T”) (h) csc(F

“5 ~I5
©

—~
~

A rain gutter is to be constructed of aluminum sheets that are 15 inches wide. After marking off length
of 6 inches from each edge, the sides are each bent up at an angle of 6.
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X

(a) Express the area of the opening as a function of 6.

ind the area for 6 = —, an = —.
b) Find th for 0 g do Z

71. Use the sum and difference identities to rewrite the following expression as a trigonometric function of
a single number.

(a) tan 70 4 tan 45 © tan %r 4 tan 2171
1 —tan70tan45 l—tan%tan%
(d) sin(120) cos(30) + cos(120) sin(30)
3
(b) COS(%) cos(%) + sin(%) sin(?%r) (e) cos(%) sin(g) + sin(%) Cos(g)
T2 Determine the amplitude and the period of the function without graphing.
(a) y = —5cos(6x) (b) y = 3sin(nz) (c) y = &sin(2x) (d) y=rcos(2)
73. Which function matches the graph shown in the following graph ?
(a) y=cosz (b) y = cos2x (c) y =sin2zx (d) y=sinzx

74. Find f o g(z) and g o f(z) when f(x) = cos(x) and g(z) = —6z.

75. Which function matches the graph shown in the following graph ?



76.
77.
78.
79.
80.

(a) y=—tanx (b) y = tan6x (¢) y=—cotzx (d) y = cotbx

Use the sum and difference identities to determine the exact value of the expression sin(—“T”)

If sina = —% and « is in quadrant III and sin 8 = % and (3 is in quadrant II. Find cos(a — 3).
If cosa = 1% and « is in quadrant IV and cos 8 = —% and (3 is in quadrant II. Find sin(a + 3).
Determine cos 2z if sinz = % and cosx is positive.

Use trigonometric identities, to solve the following trigonometric equation on the interval [0, 27].

(a) 5cos(—z) = 3cos(z) + 1 (b) 2sin®z—1=0



common graphs

The fanction fx) = x arx'

¥ ¥ ¥ ¥
uaghse
|
IR |
) T
x e z o - x
| |
)
ﬁ 1
The function fix)=x The function f(x) = x* The function f{x) = x* The fincion flx) =—
X
y y Yoo y
I
|
=T !
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The fimetions &* and In(x)

The function f(x) = |x|

The fimction f(x) = x|

properties of exponents and radicals

g g (@)= —a=
:_:=ﬂ»-- (ab)" = a™b"
(]

(a)" =¥a (a)™" =%fa =(¥a)"
R

YW =g =<

special product formulas
A B =(4-ByA+ B
A —B' =(4-B}A*+ AB+ BY)
A*+ B =(4+BXA* - AB + BY)
A+ 24B+ B* = {4 + By’
A 24+ B = {4 -BY

the quadratic formula
The solutions of the eguation ax* +bx+e=0

are:
bt b —dac

2a

X =

properties of logarithms

For ¢ > 0, @ is not equal to 1, x,y = 0 and r is a real
number:

log {x}=y and x = a" are equivalent

log, D=0
log (a}=1

log (a")=x
gt = x

log () =log_(x)+log_ ()
log, [i] =log, (x) —log, (1)

log (x")=rlog_x

change of base formula

a,b x>0, a bzl

distance formula
d=J(x —x)" + (s -3

midpoint formula

Li+% M+h
272




radian and degree measure
180° =&

180 I
o= rade ,[E]
B 180 18

s={i}2m’}
In r
=rb
2
A= i mr }=£ ’
2n 2
g s e
M =— V=—=——2=r3

cofunction identities

ﬂ..x:.,.,._-{g_x] mm(g_x]
eeefs) |

cot— an| _x] m:.ﬂ[_-x]

ra| =

reciprocal identities

CSeX = — SecK = cotx=
mx Cos X tfanx
quotient identities
mx=£lﬂ.1' cot =I:?SI
oosx Zlnx

trigonometric functions of acute angles

Hypotenuse Side opposite
b &
a
Side adjacent to &
opp 1 byvp
ﬂ=_ E=_=_
= e e ope
cmﬂ:ﬂ sec B = ! =h£i
hyvp cos & ad)
tmﬂ:ﬂ i:i:H:E=L=ﬂ
adj tan & opp

period identities
sin(x + 21) = sin(x) csc|x + 27) = csc(x)
sec(x + 21) = sec(x)

cu‘t{x + II:} = mtl{x}l

cos(x + 2%) = cos(x]
hn[rx+ il]l= Ianl:x}

even/odd identities
sinf—r}: —=nx ECI:—I] =—o5eX
Eﬂi{—l} = C0EX

mf—:}:—b.ux

pythagorean identities
2

sin‘zr+eos’z=]1 tan'z+l=sec’s l+cot’z=cselx

trigonometric functions of any angle
¥

lx.¥)

¥
& T .
r (x0)
sin gL esef=— (fory=0)
r II‘I
cos B =2 secf=l (forx=0)
v x

X
tan 8 =L (forx =0 cot 6 =— (fory=0)
X -

commonly encountered angles

2] Radlans Sin 8 Cos 9 Tan &
i 0 i 1 il
30° z L S RE)
& 2 2 3

45" z £ £ 1
4 2 2
x V3 1

jollll B T | 3 | B
"

oiF — 1 ] —
2

180° " i -1 il
an

e = -1 0 —




sum and difference identities

sinfu +v) = simucosv + cosusmv
sin(u —v) = smucosv — cosusmy
cos(u +v) = cosucosv —sinusiny

cos(u —v) =cosucosy + sinusinv

tanu + tanwv
tanl[u+w}=—
1 —tanutanv
tanf_ _‘}_ tanu —tanwv

1+ tanutanv

the laws of sines and cosines
the law of sines
sind sinB =€

T b e
the law of cosines
a’=b*+c* - 2becosd
b =a*+¢° - laccosB
e*=a*+b* —JabeosC

area of a triangle (sine formula)

Area = %aﬁs&nc = %Bﬂsin_.{ = %m:'iinﬁ

double-angle identities

polar coordinates

sin 2w = }sinw cosu cos2u =cos’u —sin’u x =reost
tam tanu =2eos'u—-1 .{.t,_'u} y=rsnf
1-tan’u ~1-2sm’u Ailre)
£ ri=x+3?
i
power-reducing identities P tnd =L (x=0)
.3 l—cos2x 5 l+ecoslx x
m X =— s X = — ‘G
2 2 =
tan:x——l_Mb-
" l4cosdx
half-angle identities trigonometric graphs
. l—cosx x J1+mﬁ:
2l — = OO —=
2 2 2 K} \
xr l-cosx smx .
tan— = = 1
2 snxy  l+cosx ra
product-to-sum identities / \
. Ir. :
mxcmy:i[mfx+y}+m{x—y]] B 2 e E o i 2 e Zom
1 y=sinx ¥=08C X
cmxsi.ny:—[si.nfx+y}—sinfx—y]]
2
5inxsin}l=%[mfx—y}—m&l{x+_}'}] : _/
COSXC0SY = %[msfx+ ¥)+cos(x —_}']I] H\\h
sum-to-product identities | | [ \,,
a = T —_ 2 a 3 T —_ 2
i iny=2sm| 1L -r et secr
SIOLX + SI0Y SIII'J.[ 3 05 3 ¥=CcosX =

e erefE2)e(5)

cosx+eosy= 2m5[x+'} ]m»s[x 2'}]

]m[z]

COSX—COos ) = —Isin[

N
N
e
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