CHAPTER 1~ GRAPHS AND CIRCLES
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equation of a circle with radus eruation
r and center (k) iz

(x-1)2+ (- k2=

circle.

The standard form of an When itz graph 15 a circle, the

Wyt ax+by+c=0

1z referred to as the general -0 0
form of the equation of a

A circle has the equation 622 + 6v° — 36z + 24y — 72 =0. Graph the circle

using the center (bl and radius r. Find the mtercepts, if any, of the N~

graph.

To find the center (hk) and radius r of the circle, compare the given
equation to the standard form of the equation of a circle,

First, diwide both sides by the greatest common factor of each term, 6.

x4yl - fr+dy—12=0

Mezt, complete the square i both % and ¥ to put the equation m
standard form, Group the expressions mvolving x, group the
expressions wvolving ¥, and put the constant on the right side of the
equation.

(2 — 6 + (72 + 4y) = 12

Then complete the square of each expression in parentheses on the
left side. Eemetnber that any mumber added on the left side of the
equation st be added on the nght.

(% = ) + (7 4 dyp by = 1240 +4

Mow factor to put the equation in standard form.
(5% = o+ O) + (2 +dy 4y = 124044
-3 4 y+n® = 25
-t 2+ -2 = 2

The center is (h k)= (3, — 2) and the radus r=>3.

To graph the circle, first plot the center (3, — 2). Bince the rads 15 5,
we can then locate four points on the circle by plotting points 5 units to
the left, to the right, up, and down from the center.

The graph of the circle is shown on the right.

To find the z-intercepts, if any, let v =0 1 the standard form of the
equation.

(x—3)2+(0+2)2 =345 Lety=0
x-3%+4 = 25 Simplify.
Subtract 4

(x_gjz =21 fromhboth
sides.

Salve for x

x-3% =11
Apply the
x—3 = :I:\"H sopare root
method.
_ Add3toboth
£= 3:“'"5 zides,

The x-intercepts are

®x=3-V21 and 3+ V21,

Therefore, the z-intercepts occur at the following points.

(3-Vz1,0), (G+Vz1,0)

To find the y-intercepts, if any, let =0 1n the standard form of the
equatio.

M-32+(y+D? = 25 Letx=0.
Ot(y+)? = 25 Simplify.
Subtract 9
G’+232 =16 fromboth
sides.
Solve for v.
tr+2 = 16
_ Apply the square
yti= 14 root method.
Subtract 2 from
y= —244 hoth sides.

The y-intercepts are y= — 6 and 2.

The y-intercepts ocour at the following points.

(0, -8, 0 2
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CHAPTER 2 GRAPHS AND FUNCTIONS
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[ EXAMPLE 2 J Obtaining Information from the Graph of a Function

Figure 15 Let [ be the function whose graph is given in Figure 15, (The graph of f might

represent the distance v that the bob of a pendulum is from ifs ar-rest position at time x.

Y 0, 4) (2, 4) {4, 4) Negalive values ol y mean that the pendulum is to the left of the at-rest position, and
49 positive values of v mean that the pendulum is to the right of the at-rest position.)

(a) What are f(0), f(%n) and f{3m7)?

(b) What is the domain of f7

(c) What is the range of f?

(d) List the mtercepts. {Recall that these are the points, il any, where the graph
crosses of touches the coordinate axes.)

(e) How many times does the ling y = 2 intersect the graph?

(f) For what values of x does f{x) = —47

(g) For what values of xis f{x) = 07

Solution  (a) Since (0,4) is on the graph of f, the v-coordinate 4 is the value of [ at the

x-coordinate 0; that 1s, f(0) = 4. In a similar way, we find that when x = S—ﬂ.

2
3
then vy = 0,50 f(—;) = 0.When x = 3, theny = —4,s0 f(37) = —4.

(b) To determine the domain of f, we notice that the points on the graph of f have
x-coordinates between 0 and 447, nclusive; and for each number x between 0
and 441, there 15 a pomt {x, f{x)) on the graph. The domain of [ s
[x|0 = x = 47} or the interval [0, 47].

{c) The points on the graph all have y-coordinates between —4 and 4, inclusive; and
for each such number y, there is at least one number x in the domain. The range
of fis {¥|-4 = y = 4} or the interval [ 4, 4].

{(d) The intercepts are the points

T Im 5w T
{[]', 4}, (E {]), (T,{]), (T,ﬂ), and (T ﬂ)

{e) If we draw the horizontal line v = 2 on the graph in Figure 15, we find that it
intersects the graph four times.
(f) Since (7w, —4) and (37.—4) are the only points on the graph for which
y = f(x) = —4.we have f(x) = —4when x = 7w and x = 3.
{g) To determine where f{x) > 0, look at Figure 15 and determine the
x-values from 0 to 47 for which the v-coordinate is positive. This occurs
) 37 S I . . .
on [DE> U (TT) U (T 4TT:|. Using inequality notation, f(x) = 0 for
Dﬁxﬁinrj—ﬂ{xﬂﬂ—ﬂ or ?—ﬂ-::xf:riw
- 2 2 2 2 - ._]
When the graph of a function is given, its domain may be viewed as the shadow
created by the graph on the x-axis by vertical beams of light. Tts range can be viewed
as the shadow created by the graph on the y-axis by horizontal beams of light. Try

. this techmigue with the graph given in Figure 15,
e q graph g 2
A rammme-- loW Work rroecLems 9 anp 13
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3 Use a Graph to Determine Where a Function Is Increasing,
Decreasing, or Constant
O Consider the graph given in Figure 18. If you look from left to right along the graph
é?—\‘ of the function, you will notice that parts of the graph are going up, parts are going

down, and parts are horizontal. In such cases, the function is described as increasing,
decreasing, or constant, respectively.

Figure 18 ¥

'LE 3 | Determining Where a Function Is Increasing, Decreasing,
or Constant from Its Graph

Where is the function in Figure 18 increasing? Where is it decreasing? Where is it
constant?

Solution  To answer the question of where a function is increasing, where it is decreasing, and
WARNING We describe the behavior of where it is constant, we use ._strict incc_[ualitics involvingthc independent vz_iriak_)lc x,or
2 graph In terms of Ite x-values, Do not, W€ USE Open mlerlvals* of x—cuureimales. The function whose graph' is given in
say the graph in Figure 18 is inoreasing  Figure 18 s increasing on the open mterval (=4, 0) or for —4 < x << 0, The function
from the point (—4,2) to the point is decreasing on the open intervals (—6, —4) and (3,6) or for —6 < x < —4 and
(0, 4). Rather, say it is Increasing on 3 < x < 6. The function is constant on the open interval (0, 3) or for 0 < x < 3.
the interval (—4,0), [ ] .-]

More precise definitions follow:

DEFINITIONS A function f is inereasing on an open interval [ if, for any choice of x; and x,
in [, with x; < x5, we have f(x;) < f(x;).

A function [ is deereasing on an open interval [ if, for any choice of x; and x,
in [, with x; < x5, we have f(x;) = f(x,).

A function f is constant on an open interval [ if, for all choices of x in I, the

values f(x) are equal. _l
Increasing Decreasing Constant
('41'2)9 (014) ('610)9('41'2) & (314) 9 (611) (014)9(314)

4<x<0 -6<x<-4 & 3<x<6 0<x<3
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2 ifx<0
f(x}={ -2 if =0
2u+é ifx=0
Find: (a) £(-5) (b} £(0) {c) £(5)
(2) To find f{ - 5), ohserve that when x= — 5 the equation for fis given by £(x) =% Therefore, we have the following,
f(-5) = (-5 =125
{h) When z=0, the equation for £1z £{z) = — 2. Therefore, we have the following,
fimy = -2
{c) When z=25, the equation for f1z f{x) =2z + 6. Therefore, we have the following.

f(5) = 2(5)+6 = 16



Page 5 of 9

. . . . flz+h) - f(z) . .
Find the difference quotient of £, that 1z, find T h = 0, for the following function.

fiz) = Sm+ 3

flz+ ) - f(x)

First, find the values of f(z+h) and £{x) so they can be substituted mto the difference quotient h

£z + b

S(z+h)+8
S+ Sh+ g

S0, flz+h) = Sx+3h+ 8, and it 15 mven that £z = Sx+ 8.

f(x+ h) - £(z)

Mow, substitate flx+h) = Sz+ Sh+ 8 and £%) = Sxz+ 8 into the difference quotient N

Ft ) - f 5%+ Sh+ 5) — (52+ 8
(z+h) - fiz) _ Ox )~ (5x+E) Iilake the substitutions.

h h
_ S+ Sh+8-5x-8 Apply the distributive property to
h h eliminate parentheses.
_th Cornbine like terms in the
T h mmerator.
=5 Cancel out the common factor b

fiz+h) - fiz)
Therefore, — =5 when f(x) = Sxz+ 8
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Ju+l .
If fiz) = e and f{2) = — 2, what 1z the value of &7
-
An expression of the form £(x) means the wvalue of the function f at the number = in its domain. The variable = 15 called the argument of the function.

+2
15 5

)4
The argument of the function £(x) = "
-

The walue of £(2) can be found by substiuting 2 for every ocourrence of x i the function definition,

izt

f® = - A
3 +2
2y = —(2)—A

Motice that the value of £(2) is also given. Therefore, write an equation by setting the two expressions for £2) equal to each other. Solve this
equation for &

3B +2

@4

First, simplify the numerator and denommator on the right side. Ewaluate the expression in the numerator.

A+
T @A

-3 = ——
-4

Multiply both sides by 2 — A to clear the fraction and simplifyy.

g
@-#)(-2 = 7 @-4)

—4+24 = 3§
To solve for &, add 4 to hoth sides, then diwide both sides by 2.

—4+32A =8
A =4

Therefore, the walue of & 15 6.
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1o
(@) (f+g(3)
To find (f+ g)(3), uze the fact that (f+ g) (x) =£{x) + g(x). First,
determine £(3) and g(3) from the graph.
fi3) =4
g{=-1
Mezxt, substitute the values into the equation (f+ g) (=) =) + g(x)
and sunphfy.

(f+2(3) = (3 +2(3)
4+(-1)
=3

(W) (f+ g3

To find (f+ g)(5), uze the fact that (f+ @) (3 = £ + o). First,
determine £(5) and g(%) from the graph.
fisy=2
g5 =->5
Mezt, substitute the wvalues into the equation (f+ g) (=) ={(x) + g(x)
and sumplfy.
(f+ g (5) = £(5) +g(5)
=2+ (-3)
= -3

(c) (f-g) (D

To find (- g3 (7, use the fact that (f— g (=) ={{z) — g{z). First,
determine £{7) and g(7) from the graph

fi7 =0

g(M=-1

WMezxt, substitute the values into the equation (£— g) (30 ={() — a(x=)
and sitnplifyy.

(-2 =17-e2®
0-(-1)

1

() (g- 0D

To find {g— (7, use the fact that (g— D () =g — Iix). We
determined that £(7) =0 and g(7) = - | m part c above.

Mesxt, substitute the values into the equation (f- ) (%) =f(=) —g(x)
and sitnplifyy.

(g- (D

g(7) — (7
—1- ()
-1

() (f-2)(3)

To find (£ - ) (3), use the fact that (f - g) (=) =1(x) - 2(x). We
determined that £(3) =4 and g(3) = — 1 in part a abowve.

MNest, substitate the values into the equation (f - g) () =fx) - a(=)
and sunphfy.

(f-g)(3 = £(3) (3
i1
-4

“(Ho

f f fiz) )

To find [—](5), use the fact that [—](x) =—— We determined
z z 2(z)

that £(51 =2 and g(5) = — 5 in part b ahowve.

£z
2=

f
Mext, substitute the values into the equation [—](x) = and
g

simplify.

[)o=20
2

T -5
2

5
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Domain and Range. Graphs and Functions. 2.5

M
14

y

gixy=5Vx- 5 +34

Ere

find the dormain and range of gix).

The domain of g is the largest set of real numbers for which the value of 2(x) i3 a real number.

Eemember that the square root function 1s undefined for numbers less than zero. The function g(x) =3Vz— 5 + 21z defined for all real numbers
greater than or equal to 5. Therefore, the domain of gfz) =5Vxz— 5 + 213 [5,92).

The range of g iz the set of g(x)-walues of the function that are images of the z-values m the domain

The smallest value of 2(x) =5Vz— 5 + 2 ocours at the point (5,2) and the walues of g(x) continue to infimty. Therefore, the range of
gz =5Vx—5 + 213 [2,9).

The graph of giz) =5Vxz— 5 + 2 iz shown to the right, where the domait of g(x) 15 [5,92) and the
range of fglx) 15 [2,20)
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Determine the quadratic function whose graph is given the vertex is (-1,9) and y- intercept is (0,8)

Yy

g The basic function of this graph is -x/2,

6 Next the quadratic should look in the form of

4 f(x) = a (x-h)A2 +k

2

We know the vertex is (h,k) 2 (-1,9)

0 X
-2
-4

-6 -4 = 0 2 4 4]

Horizontal movement

f(x) = a (x-h)"2 +k

When “h” is positive the equation moves to the left and when “h” is negative the equation moves to
the right.

Since the graph shifted to the left and the value for “x” in the vertex is -1 then “h” is positive and the
value for “h” is 1. [x-h=0 thus -1+1 = 0]

Vertical Movement
f(x) = a (x-h)*2 +k
When “k” is positive the function moves up, and when “k” is negative the function moves down.
Since the graph shifted up “k” is positive.
Reflection over the x-axis
f(x) =a (x-h)*2 + k

“n

When ever “a” is negative thus “-a”the function is reflected over the x-axis
If “@” is omitted then just keep the negative sign.

The formula will change from f(x) = a (x-h)*2 +k to f(x) = -a (x+1)*2 +9 = f(x) = -(x+1)"2 +9

To test for the y-intercept replace “x” with 0 = f(0) = -(0+1)*2 +9 = -1 +9 = 8 thus (0,8)




