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CHAPTER 2
RELATIONS AND FUNCTIONS

Relations, Domains, and Ranges

A relation is a set of ordered pairs. Any set of ordered pairs automatically relates the set of first
coordinates to the set of second coordinates, and these sets have special names. The domain of a
relation 1is the set of all the first coordinates, and the range of a relation is the set of all second
coordinates.

a. ThesetR :{ (3,-2),(-1,5),(-6,-4),(0,0), (/3 ,-m) } is a relation consisting of five

- "

ordered pairs. The domain of R 1s the setJ[ 3,-1,-6,0, /3 JL as these five numbers appear as

first coordinates in the relation. The range of R is the set{ -2,5-40,-=x } as these are the
numbers that appear as second coordinates. The graph of this relation is simply a picture of the
five ordered pairs plotted in the Cartesian plane, as shown below.

A .}.:

Function
A function is a relation in which every element of the domain is paired with exactly one element of
the range. Equivalently, a function is a relation in which no two distinct ordered pairs have the same
first coordinate.

The Vertical Line Test
If a relation can be graphed in the Cartesian plane, the relation is a function if and only if no vertical
line passes through the graph more than once. If even one vertical line intersects the graph of the
relation two or more times, the relation fails to be a function.
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a. The relation graphed below is not a function, as there are many vertical lines that intersect the
graph more than once. The ruler is one such vertical line.

AY

b. The relation graphed below is a function. In this case, every vertical line in the plane intersects
the graph exactly once.

AY
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[Linear and Quadratic Functions]

Linear
Linear functions | |1* degree with one variable. Y=ax+b az0 || f(x)=ax+b
az0

Linear Functions

A linear function fof one variable, say the variable x, is any function that can be written in the
form f(x)=ax+ b, where a and b are real numbers. If a # 0, a function f(x )= ax+ b is also
called a first-degree function.

Show examples:

linear equation (first degree equations)
f(x) = -4x+2 | | show the graph and talk about domain and range, do a vertical line test.
Slope is m=-4/1 and y intercept is (0,2) do graph

f(x) = (3+6x) / 3 || show graph and do domain, range, vertical line test.
The function can be rewritten in the form of 1+ 2x by using the least common multiple 3/3 and the problem
can rewritten as y = 2x+1 whereby the slope is m=2/1 andy intercept is (0,1)
The domain will be all values for x for each and every point on this line because if a vertical line test is done it
only hits the line once per point.
The range will be all values for y for each and every point on this line because if a vertical line test is done it
only hits the line once per point.

Graph the following linear functions.

a. f(r)=¥ b. g(x)=-2

a.
The function fcan be rewrittenas /(x )=2x+ 1, and
y in this form we recognize it as a line with a slope of 2
6 and a y-intercept of 1. To graph this fimction, then, we
can plot the y-intercept ( 0, 1 ) and locate another
4 point on the line by moving up 2 and over to the right 1
unit, giving us the ordered pair ( 1, 3 ). Once these
2 two points have been plotted, connecting them with a
/4 straight line completes the process.
0 X
-2
-4
-6
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b. g(x)=-2
The graph of the function g is a straight line with a

Y slope of 0 and a y-intercept of —2. A linear function
6 with a slope of 0 is also called a constant fimction, as
it turns any input into one fixed constant, in this case
4 the munber —2. The graph of a constant function is
always a horizontal line.
2
0 X
-2« >
-4
-6




Quadratic

Quadratic functions | |2™ degree with two variables. Y= ax?2+bx+c az0 || f(x)=ax"2+bx+c a#0
Show examples from the chap 2 quadratic equation
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Quadratic Functions

A quadratic, or second-degree, function fof one variable, say the variable x, is any function that
can be written in the form f(x )= ax® + bx + ¢, where a, b, and ¢ are real numbers and a # 0.

x f(x)
-3 9
-1 1
0 0
2 4

y
12

10

Figure 2: Graph of f(x)=x*

X
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f(x )=
x"2

f(x) = -x"2

Talk about parabola, symmetric over axis.

Vertex (0,0) —in a positive parabola
it is the lowest point and

Vertex (0,0) - the highest point if it is a negative parabola.

2 0 2 4 6 8 10

glx)

4[| ==
P E==l P ]

Vertex (4, 0)

Vertex form of a Quadratic Function

f(x) = a (x-h)"2 +k

a || ifa>1 = narrower or skinnier | |

a | |if 0<a<1 = broader or fatter

h || shifts the function (+) left or (-) right depending

f(x )= xA2 . ] on the sign.
) flx)= (x-4)"2 k || shifts the function up or down depending on the
sign.
Vertex (0,0) Vertex (4,0) DO the f(x)= (x-4)"2 from the graph paper done.

In order to shift the parabola horizontally on the x-axis
we add a positive value to the existing term to move it to the left.
|| f(x)=(x+4)"2 || thus changing the vertex from (0,0) to (-4,0)

we add a negative value to the existing term to move it to the right.
[] f(x)=(x-4)A2 || thus changing the vertex from (0,0) to (4,0)
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function of £
f(x) = (x-4)A2 10 >
is the f(x) = x"2 = 5
the graph to the 6 2 ‘
right is f(x) = xA2 4 IR EFEFEFREEEFEYER
vertex is (0,0) 3 -t

Figure 2: Graph of f(x)=x°
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Problems using vertex form of a quadratic equation.

f(x) = a (x-h)*2 +k

Page 9 of 37

f(x)=ax"2+bx+c az0f(x)

(1)Find the vertex of this function: f(x) = -x"2-2x+8

f(x) = —x*—2¢+8

f(x)-1 = —(x¥*+2¢r)+8

t f(x)-1(1)=-(x"2 +2x +1) +8

P f(x) -1=-(x"2+2x+1) +8

+ +1= +1

f(x) 0 =- (x"2 +2x +1)+1+8

f(x )= - (x+1) (x+1) +9
f(x )= - (x+1)*2 +9

Vertex = (-1,9)

cq -1 to balance the left of the equal sign of the
eqyatfor to compensate for the -1 taken out.

equitign due to completing the square.

Step3
Multiply -1 to 1 = -1 and then add +1 to the left and right
of thg equal sign to eliminate the left side and make it
equalto zero.

Step4d

The left is now equal to 0 and the right will add 1 to 8 thus
getting 9

Vertex = (-1,9)

(2)Determine the number of x-intercept(s),
then enter the x-intercept(s), if any, of this function as
ordered pair(s) below.

-xA2-2x+8 =0 || ax*2+bx+c =0 to find x intercepts if
any

-xA2-2x+8 = 0 | | Change the sign of all the terms
x"2+2x-8 = 0 | | Factor quadratic

(x+4)(x-2)=0 ||

(x+4)=0 (x-2)=0 || find x intercepts

x=-4 x=2 || xintercepts

(3)Graph this quadratic function by identifying two
points on the parabola other than the vertex and the x-
intercepts.

X f(x) = PLOT
-4 0 (-4,0) x-
intercept
-3 5 (-3,5)
-2 8 (-2,8)
-1 9 (-1,9) vertex
0 8 (0,8)
1 5 (1,5)
2 0 (2,0) x-intercept
..1 )
FARN
3 ll_." 1L"._"
& ."l l"._
.r'a \'1.
4 |I:|' II=|I
i }
2 / \
| !
0 f % A
., ! n
2 J ".
4 ! }
4 b |

Finding minimums and maximums and testing for vertex f(x)=ax"2+bx+c az0f(x)

a <0 then f(-(b/2a)) is the max point // a > 0 then f(-(b/2a)) is the min point vertex (x,y) vertex ((-(b/2a)),f(-(b/2a)))

f(x) = -x*2-2x+8 [/a=-1b=-2 c=8

a<0 the graphs vertex will its max point. Thus f(x) = -1 and it is also the x value of the vertex so solve -x*2-2x+8 to
find the y value of the vertex. -(-1)*2 — 2(-1) +8 = 9 Thus the vertex is (-1,9)




Page 10 of 37

Consider the following quadratic function.

t (x)=-(x+5) -3
Step 1. Find the vertex of this function.
Step1l: (-5, -3)
Step 2. Determine the number of x-intercept(s), then enter the x-intercept(s), if any, of this function as ordered pair(s)
below.
Step 2: None, the function does not touch the x-axis.
Step 3. Graph this quadratic function by identifying two points on the parabola other than the vertex and the x-

intercepts.
A
A . | Points
p ‘T * ('61'4)
) g (-4,-4)
(-5,-3) . -7,-7
(-6,-4) (-4,-4) B - | 7
('31'7)
Y
Step3: A= (-6, -4) , B=(-4, -4)
X f(x) =y -(x+5)* -3 PLOT
-7 -7 -((-7)+5)"2 -3 = (-7-7)
-(-2)"2-3=
-4-3=-7
-6 -4 (-6,-4)
-5 -3 (-5,-3) vertex
-4 -4 (-4,-4)
-3 -7 (-3,-7)
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Complete the square of the given quadratic expression. Then, graph the function using the techrigque of shifting,
fiz) ==%— 10x+ 19

Complete the square.

- 10z+19 = 0 Set the function ecqual to 0.
x4- 10z = — 19 Subtract 19 from both sides.
- 102 - 102
74— 10x+ . = - 19+ ; Complete the square.

x2-10z+25 = — 19+ 25 Simplify both sides.

(x—51¢ = & Factor the perfect square tnnormal.
5 - q Subtract & from both sides to get
x=5)%-6= all terms on the left side.
The function is now £fx) = (- 5)% - 6. VERTEX = (5,-6) f(x) = a (x-h)"A2 +k

Now, graph the function. Start with the graph of the basic function v=x=.

Compare the fanctions y=x2 and v= (z— 5)° - 6. The difference hetween the two functions is that, in the latter one, 5 is subtracted from the
argument % and 6 15 subtracted from the right side of the function, the value of .

Thus, the graph of v= (z— 5% - 6 is the same as the graph of y = =2 with a horizontal shift to the right and a vertical shift down.

For each point (z¥) on the graph of y=x° add 5 to the z-value and subtract 6 from the y-value. The resulting ordered pair will be a point on the
gragh of v=(x—- 5% - 4.

The point (— 1,13 is on the graph of the fanction y=x2. So, the point
{—1+51-8)=(4,— 5) must be on the graph of the function y= (x— 5)% - &.

The point (0,03 is on the gragh of the function y=%% So, the point
(0+ 50— 6)=(5,— 6 must be on the graph of the function y=(z— 5% - 6.

The point (2.4 is on the gragh of the function v=%2 S, the point
(2+ 34— 6)=(7,— 21 must be on the graph of the function v=(z— 51— 6.

Flot the points (4, - 5), (5, - 6), and \
(7. — 2) and draw a curve through them to /
form the graph of f(x) ==% - 10+ 19, ) \ / B

(3,-6)
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Complete the square of the given quadratic expression. Then, graph the function using the technigque of shifting,
fiz) = - 2x% - 202 - 43

In preparation for completing the square, we will factor — 2 out of the z-terms as follows.

fz) = — 2% - 20— 43
fiz) = —2(x*+ 10x%) — 43

2
1
To complete the square of 2 + mux, we must add [?] .
In the equation f(xz) = — 2(%° + 10x) — 43, the value of m iz 10.
. my?
When m 1z 10, [?] will be 25,

Complete the square hy entering the appropriate mumbers to add and subtract in the expression helow.

fim) = -2 (XE + 10z) — 43 f(x)-2 = -2 (x"2+10x)—43 [add -2 to the left of the =]
5 f(x) -2 (+25) = -2 (x*2+10x+25) —43 [add +25 to the left of the =]
fizg) = —20x*+ 102+ 25) —43+50 | f(x)-50 = -2 (xA2+10x+25) - 43 [multiply -2 *25=-50]
+50 = +50
Si.mp]ify f(x) 0=-2 (x"2+10x+25) —43 +50 [bring to the right side -50 = 50]
' f(x) 0= -2 (x+5)"2 +7 [subtracting -43 from 50 = +7]
f(x) =-2 (x+5)*2+7 > vertexis (-5,7)
fiz) = —2(x?+ 10x+25) — 43 + 50

flz) = —2(x*+ 10x+25)+7 il
12+
Because the polynomial x° + 10z + 25 is square, we can factor it as follows. 10
o
fzy = -2 (X2 +10x+ 253+ 7 | Factor and get -2(x+5)(x+5)+7 /\ 6—:
f(x) = —2(x+5%+7 . —
{ | 2+
To graph ) = - 2(z+ 5)%+ 7, we should transform the function f(x) =% {52 4 & J'I 4 Ili PR RERE N
f I
1 1 i
To transform £{x) =z inta £(x) = — =, we must reflect about the xz-asmis. ||‘I I'|| ™
I L g

To transform £{x) = — x° into ) = — 2x°, we must stretch vertically by a factor of 2.
To transform £(x) = - 2x2 into £(x) = — 2(z+ 5)°, we must shift 5 units to the left

To transform £(z) = - 2(z+ 5% into £(z) = — 2(x+ 512 + 7, we must shift 7 units up.
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See page 11 problem 33 of chapter 3 review. g(X) = -2x"2 +4x
(1)Find the vertex
(1,2) test using

a < 0 then f(-(b/2a)) is the max point // a > 0 then f(-(b/2a)) is the min point vertex (x,y) vertex ((-(b/2a)),f(-(b/2a)))

(2)Determine x intercepts

X f(x) = -2x12 +4x PLOT
-1 -6 (-,5)
0 0 -2(0)~2+ 4(0)=0 (0,0) x-intercept
1 2 (1,2) vertex
2 0 (2,0) x-intercept
3 -6 (1,5)

-2x"2 +4x [/ -2x(x-2) // -2x=0 thus x=0 // x-2 =0 thus x=2 // x intercepts are (0,0) & (2,0)

(3)graph



Quadratic Equations and other common functions
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\/

B

-

Aﬂ

f(x)=x or xA1 f(x)= xA2 f(x)=-x~2 f(x)= x"3 f(x)= -x~3 f(x)=x"1/2 f(x)=x"1/3

positive odd positive even | negative even odd positive odd negative | even odd

f(x)= x| f(x)=-2 |x]| f(x)=1/x"2 f(x)=-(1/x*2) | f(x)=1/x"1 f(x)=- (1/x*1) | f(x)=
positive even negative even | odd positive negative odd
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Other functions
Functions of the Form ax”

Consider the graphs in Figure 1:
b b y

4 4 4
2 2 2
0 x 0 /— / X 0 / / X
2 2 =)
4 -4 4

420 2 4 4 20 2 4 4 20 2 4
The function flx) =x The function f{x) =’ The function flx)=x"

Figure 1: Odd Exponents

The three graphs in Figure 1 show the behavior of f{x) = x” for the first three odd exponents. Note
that in each case, the domain and the range of the function are both the entire set of real numbers; the
same 1is true for higher odd exponents as well.

The higher the degree the flatter the function gets in relation to the x axis.
Now, consider the graphs in Figure 2:

y Yy y

b2
9
b2

0 X 0 X 0 b
-2 -2 SRR e 2 \\/
| —4 —4
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
The function flx)= X The function flx)= ¥ The function f{x)= x°

Figure 2: Even Exponents
The higher the degree the flatter the function gets in relation to the x axis.

flx) = ax”.

a || ifa>1 =narrower or skinnier | | a | |if 0<a<1 = broader or fatter
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Original graph is

=x"2

-2

b. f(x)=-x

Solution:

[ ]
-

The graph of this finction will have the same basic shape as the

function x*, but compressed a bit vertically because of the

1
factor of 3 To make our sketch reasonably accurate, we can

calculate the coordinates of a few points on the graph. The

graph to the left illustrates that (-1) = % and F(2)= -

16

Original function graph is

Y

-2
a

We know that the finction 7 will have the same shape as the

function x°, but reflected with respect to the x-axis because of
the factor of —1. The graph to the left illustrates this point.

We have plotted a few points on the graph of 7, namely (-1,1)

and ( 1, —1), just to verify our analysis.
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a
Functions of the Form —

or AX "
Y Yy Yy

4 4 4

2 2 2

0 X 0 X 0 X
-2 -2 -2

-4 —4 —4

-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
The function flx)= L The function flx)= % The function flx)= iﬁ
X X X
Figure 3: Odd Exponents
y y Yy

4 4 4

2 2 2

0 b 0 X 0 X
—2 —2 -2
—4 —4 —4

-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
The function flx) = % The function flx)= % The function flx)= is
x X x

Figure 4: Even Exponents



1

Functions of the Formax ™ 7/

Yy
4
2
0 X
-2
—4
-4 -2 0 2 4
The function f(x) = x
y
4
2 /
0 x
-2
—4
-4 -2 0 2 4

—_

The function flx) = x?

[ I e B (0 NN

—

¥
/((ff

f———l—l‘/ )

420 2 4

1

The function flx) = x?

Figure 5: Odd Roots

y
4
2
—
0 X
-2
—4
-4 -2 0 2 4

The function flx) = x4

Figure 6: Even Roots
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y
4
2
0 ammE X
_o//
—4
-4 -2 0 % 4
The function flx) = x°
y
4
2
[
0 x
-2
—4
-4 -2 0 2 4

The function flx) = x€
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The Absolute Value Function  fix)=| x |

-

J X ifx=0

x | = .
| | L X ifx<0
4
v
2
Figure 7:
The Absolute Value Function 0 X
-2
-4, ~2 0 2 4

Sketch the graph of the function f{x)=-2| x |.

Solution:

The graph of fwill be a stretched version of | x |, reflected with respect to the x-axis. As always, we

can plot a few points to verify that our reasoning is correct. In the graph below, we have plotted the
values of f{—4) and f(2).

Transformations of Functions
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Horizontal Shifting
Let f( x) be a function whose graph is known, and let / be a fixed real number. If we replace x in
the definition of f by x — h, we obtain a new function g (x ) =f(x— k). The graph of gis the
same shape as the graph of f£, but shifted to the right by | 4 | units if /> 0 and shifted to the left by
| h |units if 2 < 0.

Caution!
It is easy to forget that the negative sign in the expression x — A 1s critical. It may help to remember a
few specific examples: replacing x with x — 5 shifts the graph 5 units to the right, since 5 is positive.
Replacing x with x + 5 shifts the graph 5 units to the /ef?, since we have actually replaced x with

x— (—=5). With practice, the effect of replacing x with x — 4 on the graph of a function will come to
seem natural.

a. f(x)=(x+3)

Solution:

a. A The shape of (x+3)” is the same as the shape of the graph of x°,
gince our expression is obtained firom the other by replacing =
with x + 3. We simply draw the basic cubic shape
( the shape of x° ) shifted to the left by 3 units. Note, for

< » example, that ( —3, 0 ) is one point on the graph.
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Vertical Shifting
Let f( x) be a function whose graph is known, and let & be a fixed real number. The graph of the
function g (x ) =f( x ) + kis the same shape as the graph of f, but shifted upward | k \ units if
k> 0 and shifted downward | k |units if k< 0.

Sketch the graphs of the following functions.

a. f(x)zx—13+4 b. g(x)=2lx -3

Solution:
a.

range of [ is (-, 4 ) U (4, ).

A

A

Y

1 : 1 . .

The graph of 7' (x )= — + 4 ig the graph of — shifted up 4 units. Note
x X

that this doesn't affect the domain: the domain of f is ( -0, 0 ) LW (0, o0 ),

. 1 :
the same as the domain of - However, the range is affected. The

Tographg (x)= 2z =3, we simply shift the graph of 2% down by
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Reflecting with Respect to the Axes
Let f( x) be a function whose graph is known.

1) _ The graph of the function g( x ) =— f( x ) is the reflection of the graph of f with
ect to the x-axis.

2) \ The graphof the function g( x ) = f( —x ) is the reflection of the graph of f with
respect to thew-axis.

Sketch the graphy of the following func
a. f(x)=-x° .glx)= A —=x

Solution:
a. A

To graph f( x ) = —x*, we simply turn the graph of the
prototypical parabola x* upside down. Note that the domain is
still the entire real line, but the range of ; is the interval

( —0,0 ]

A
Pai

b. A
To graph g ( x )= ~f —x , we reflect the graph of ../ x with
respect to the y-axis. Note that this changes the domain, but not
the range. The domain of g is the interval ( —o, 0 :| and the range
o« . iS |:0., (¥ 4] ) .
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Stretching and Compressing
Let f( x ) be a function whose graph is known, and let a be a positive real number.
1)  The graph of the fupction g( x ) = af'( x ) is stretched vertically compared to the graph
of fifa>1.

2) The graph of the funcfion g( x ) = af ( x ) is compressed vertically compared to the
aphof fif0<a<

Sketch the graphs of the following functions.

X
a f(x)="" b eX)=4]x]
Solution:
A
a. The graph of the function " has been compressed considerably,
1 L
becanse of the factor of = The shape is similar to the shape of
~J %, but all of the second coordinates have been multiplied by
1
» the factor of —, and are consequently smaller.
- » 6
¥
b. A

In contrast to the last example, the graph of g (x ) =4| x | is
stretched compared to the standard absolute value function.
Every second coordinate has been multiplied by a factor ot 4, and
is consequently larger.

A
Y
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a a

Order of Transformations
If a function g has been obtained from a simpler function f through a number of transformations, g
can usually most easily be understood by looking for the transformations in this order:
1. Horizontal shifts.
2. Stretching and compressing.
3. Reflecting.
4. Vertical shifts.

glx)=-2.Jx+1 +3.

Szcassss| P ammamd //

E
L J
E
L J

Af; Jxtl 2.4x+1

/

,//'

L J

—2./x+1 -2.Jx+1 +3

Figure 1: Building the Graphof g( x )=-2./x+1 +3
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Determine the quadratic function whose graph is given the vertex is (-1,9) and y- intercept is (0,8)

— .
s J/'\ The basic function of this graph is -x*2,
Fi i
¥ kA
6 / Lt Next the quadratic should lock in the form of
If b
/ \
. / y f(x) = a (x-h)"2 +k
/ )
2 {
¢ \ We know the vertex is (h,k) = (-1,9)
0 + * Y
j 1!
B / |
—q ' A
v 7
-6 -4 -2 0 2 4 o

Horizontal movement
f(x) =a (x-h)*2 +k

When “h” is positive the equation moves to the left and when “h” is negative the equation moves to
the right.

Since the graph shifted to the left and the value for “x” in the vertex is -1 then “h” is positive and the
value for “h" is 1. [x-h=0 thus -1+1 = 0]

Vertical Movement
f(x) =a (x-h)"2 +k
When “k” is positive the function moves up, and when “k” is negative the function moves down.

Since the graph shifted up “k” is positive.
Reflection over the x-axis

f[x)=a(x-h)"2 +k

A

When ever “a" is negative thus “-a"the function is reflected over the x-axis
If “a” is omitted then just keep the negative sign.

The formula will change from f(x) = a (x-h)*2 +k to f(x) = -a (x+1)"2 +9 = f(x) = -(x+1)"2 +9

To test for the y-intercept replace “x” with 0 = f{0) = -(0+1)*2 +9 < -1 +9 = 8 thus (0,8)
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Domain and Range. Graphs and Functions. 2.5

14" o

=14

find the domatn and range of a(x)

The dotmain of g 15 the largest set of real numbers for which the valze of g(x) iz a real number.

Femember that the square root function is undefined for numbers less than zero. The funchion g(x)=5%x— 35 + 21z defined for all real numbers
greater than or equal to 5. Therefore, the domain of g(x) = 5Vz -5 + 2is [S.00).

The range of g 15 the set of g(z)-wahes of the function that are images of the x-walues in the domain.

The smallest value of sfz) =5z~ 5 + 2 ocours at the pomt 520 and the values of 2'%) contimie to mEnity. Therefore, the range of
o(m) =5Vx—5 +2is[2,0)

The graph of g(x) =5Vx -5 + 2 15 shown to the nght, where the domam of g(x) 15 [5,92) and the
range of fg(x) 15 [2,90).
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Piecewise-Defined Functions

Sketch the graph of the function flx) = -2 ifx=-1
o ' ¥ ifx>-l

Solution:

The function fis a linear function on the interval ( —oo, —1 ] and a quadratic function on the interval
(-1, 0 ). Tograph f we simply graph each portion separately, making sure that each formula is
applied only on the appropriate interval. The complete graph appears on the next page, with the
points f{—4) =6 and f{2) =4 noted in particular. Also note the use of a closed circle at ( -1, 0 ) to
emphasize that this point is part of the graph, and the use of an open circle at ( —1, 1 ) to indicate that
this point 1s not part of the graph. That is, the value of f{—1)1s 0, not 1.

Yy

-2
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2 ifxz=0
f(x)={ -2 if x=0
2t ifz=0
Find: {a) £(-3) () £0) (o) £(5)
(a) Ta find f - 5), ohserve that when x= — 5 the equation for fis given by f(x) =x% Therefore, we have the following,
f(-5 = (-52=125
{b) When z=10, the equation for fis £{z) = — 2. Therefore, we have the following,
£y = -2
{c) When x=5, the equation for f1z fix) =2z + 4. Therefore, we have the following.

fi5) = 2(5)+6 = 16

THE DIFFERENCE QUOTIENT
f(xz+ h) - £(x)

Find the difference quotient of £, that 15, find T h # 0, for the following function.

flz) = 5z+8

f(x+h) - ()

First, find the walues of f(zx+ k) and f(x) so they can be substituted mto the difference quotient b

flz+h) = S(x+h)+8

Sx+Sh+38

So, f(x+h) = 5x+5h+ 8, and it 15 gwen that f(x) = 5z+8.

fc+b) - )

Now, substitute f(x+h) = Sz+ Sh+ 8 and f(x) = 5Sx+ 8 into the difference quotient )

flz+h—f S+ Sh+8) - 5=+ 8
(x+h) - f(x) — (5x )~ (Gx+3E) MMake the substitutions.

h h
_ 5x+5h+8-52-8 Apply the distributive property to
- h eliminate parentheses.
_ sh Combine ke terms in the
T h fiutnerator.
=5 Cancel out the common factor h

flz+h) - f(x)
Therefore, T =5 when fix) = Sz+3
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Ix+2 )
If f=) ZH and f{2) = — 2, what 15 the walue of A7

an expresson of the form £(Z) means the walue of the function £ at the mmber xin its domain The wariahle % is called the argument of the fanction.

i+l

The argument of the function £(x) =

H—

The walue of {{2) can be found by substitubing 2 for every occurrence of x m the funchon defimtion.

; _ Jnt 2
(X) - -4

A+
A2 - (11— &

Hotice that the walue of £{2) 15 also gwen. Therefore, write an equation by settme the two expressions for £72) equal to each other. Solwe thns
equation for A

3@+

S @-a
Firet, sitnplify the nurnerator and denominator on the right side. Evaluate the expression i the mumerator.
3+ 2
(2 -4

hj

- A
Whultiply both sides by 2— 4 to clear the fraction and siplify.

-7 =

]
(2-a)(-2) = H(E—ﬁ)

—4+24 =3
To solve for A, add 4 to both sides, then donde both sides by 2.

-4+ in
A =1

Therefore, the walue of & 12 6.
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Combining Functions

Addition, Subtraction, Multiplication, and Division of Functions
Let f and g be two functions. The swm ( f+ g) . difference ( f— g) . product { fg ), and

quotient <i ) are four new functions defined as follows:
£

L (f+g)x)=f(x)+g(x)
2. (f-g)x)=f(x)-g(x)
3. (felx)=f(x)g(x)

4. (i)(x)= M,pl‘ﬁ?idﬁdﬂlmg{x)% 0.
g g(x)

The domain of each of these new functions consists of the common elements of the domaing of f
and g mdividually, with the added condition that in the quotient function we have to omit those
elements for which g{ x ) = 0.

) (6).

""‘>

Given that f(6)=—10and g(6)=9,find { f—g )} 6) and( .

-||3q|

Solution:

By the definition of the difference and quotient of functions,

ey FAVPNR (3
(f-gX6)=f(6)- g(6) <g>(5} (g{ﬁ])
=-10-(9) and :%

= 19
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Given the two functions f(x )= % and g(x)=[ x+3 [.find ( f+g)x)and(fg)x)

Solution:

By the definition of the sum and product of functions.

(fteg)x)=f(x)tg(x)

(fg)(x)=f(x)-g(x)

1 . _ 1
—I—I-L_r+:,-JJ and —?[[r-l-?:]]
avaluate (?f){—l).
it appears that f(-1)=landg(-1)=3,s0 A
f(-1) =1 thus (-1,1) hence g(-1) = 3 thus (-1,3)
2
f ( 1 ) - 0 X
g 3 5
-4
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(2} (E+2)(3)
To find {f+ 21 (), use the fact that (f+ 2 &) =fE) + 2. First,
determine £{1) and 2(3) from the gragh.
f(31=4
gii=-1
Mext substitute the values mto the equation (£+ ) (z) = £z + gix)
and sinphify.
(f+21(3) = f(3) +g(3)
=4+ (-
=3

(h) (£+ 205)

To find (f+ g (5), use the fact that (F+ g) (z) =£(2) + g(x). First,
detertine £75) and gi(5) from the graph,

fi5)=2

giE)= -3

Mext, substitute the walues mto the equation (f+ g) (2) = =) + g{x)
and simplifyy.

E+@ 8 = 15 +g(5)

2+(-3)

=-3

(e (- gl (7}

To find (f— @) (7, use the fact that (f- @) ) =3 - g(x). First,
detertrene £7) and g(7) from the graph.

fiH=n

g(h=-1

Memt, substiute the walues mto the equation (f— o) (2 =f{z) — gz
and simphfy.

if- (7 = &7 - 27

=1-(-1)
=1

@ -0

To find {g— D7), use the fact that (g £ =gz - £&). We
deterruned that £7) =0 and 2(T) = — | mpart ¢ above,

Mezt, substiute the walaes mbo the eqpation (f- ) () =£z) — 26
arud swoplify.
(=B =a@m-17
- -1-®
-1

(&) (f -2)(3

To find (£ - g} (3), nae the fact that (f - g) (&) =) - gl=). We
detormuned that £(3) =4 and g(3)= - | m part a above.

Mext, substitute the values into the equation (f - g) (2 =£(z) - o=@
and simplify.

(f-g)13) = £(3) - g3
=)~ 1)
= -4

(o

[ f £ (x) _

Tao E.nd| —] (30, use the fact that [—](K) =—— We determined
\ g g gz

that £(5) =2 and g(57 = — Smpart b ahove,

(I flx
Hezxt, subsitute the values mto the equation [— =) = ﬁ and
| 2

o / g2(z)
sirplifyr.

[
2

=

_2

T
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Composition of Functions

Let fand g be two funchions. The composition of fand g, denoted f - g 1= the function defined
by( feglx)=f(g(x)) Thedomam of f - g consists of all x m the domain of g for which
g [ x )18 in turn in the domain of £ The function f - g1 read "f composed with g", or "f of g."

Another way of combining functions beside multiplication, division, addition and subtraction is in the form of
COMPOSITION.

COMPOSITION of one function with another means apply one function f(x) to the output of another function g(x).
In COMPOSITION functions f(x) and g(x) are not commutative [a+b = b+a or ab= ba].

The diagramn in Figure 1 is a sort of schematic of the composition of two functions. The ovals
represent sets, with the leftmost oval being the domain of the function g. The mrows indicate the
element that x 1s associated with by the various functions.

Sog

Figure 1: Composition of fand g

Ag with the four arithmetic ways of combining functions. we can evalunate the composition of two
fonctions at a single point, or find a formula for the composition if we have been given formulas for
the mdividual functions.

Give11f(_r}=272—5m1dg[r}=[[ x+2 ]] find: a (feg)4)
fofg

a (Ffog)4) flg(x)) then f(4+2)> f(6)
x=4 then g(x) = x +2 > 4+2 f(6) = 2xA2-5 > f(6) = 2(6)*2—5 > 67

a  g(4)=[4+2]=6adso( feg)(4)=,S(g(4))=/(6)=6.
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a.  f(x)=x’and g(x)=5r-8

f(g(x))=

thus f(g(x)) = f(5x-8) hence we takes this value (5x-8)"2 or (5x-8)(5x-8) = 25x"2-80x+64

x+1
Let f(x)=| x-2 |andg(x)= Tf Find formulas and state the domains for:
a. fug b guuf
Solution: ( )
b. .
\ x+1 (gef)(x)=gl| x=2 |
L (fv:é*)(x}:f(
3 | X — |—]

f(x) = [x-2| > g(f(x)) = g(|x-2[)

g(Ix-2) = [(x+1)/ (3)] > [([Ix-211+1)/ (3)]

g(x)=[(x+1)/ (3)] > f(g(x)) = f([(x+1)/ (3)])

f(l(x+1)/ 3)]) = [x-2] = [[(x+1)/ (3)])) -2| >

[[(x+1)/ (3)]) -2|=> [l(x+1)/ (3)]) =(2/1) (3/3) |
[[(x+1)/(3)1) =(6/3)]
[[(x-5)/ (31

Always keep the absolute value sign.
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3 Use a Graph to Determine Where a Function Is Increasing,
Decreasing, or Constant

A Consider the graph given in Figure 18. If you look from left to right along the graph

o~ of the function, you will notice that parts of the graph are going up, parts are going
down, and parts arc horizontal. In such cases, the function is described as increasing,
decreasing, or constant, respectively.

Figure 18 "
5
3. 4)

y=1f(x)

6.1

(=6, 0) e,V

| [ I [ I

L 6 X

(-4,-2) T
'LE 3 | Determining Where a Function Is Increasing, Decreasing,

or Constant from Its Graph

Where is the function in Figure 18 increasing? Where is it decreasing? Where is it

constant?

Solution

WARNING We describe the behavior of
8 graph It terts of e x-values. Do not
say the graph in Figure 18 is increasing
from the poirt {—4,2) to the peint
(C.4). Rather say © 18 Increasing on
the interval (—4, 0). =

DEFINITIONS

To answer the question of where a function 15 mereasing, where 1t 15 decreasing, and
where it is constant, we use strict inequalities involving the independent variable x, or
we use open intervals®™ of r-coordinates. The function whose graph is given in
Figure 18 is increasing on the open interval (=4, 0) or for —4 <2 x <= (). The function
is decreasing on the open intervals (—6, —4) and (3.6) or for —6 < x < —4 and

" o)

3 = x = 6. The function 15 constant on the open mierval (U, 3) orfor0 =< x = 3

More precise defimtions follow:

A function f 1s inereasing on an open interval [ if, for any choice of x; and x,
in I, with x; < x,, we have f(x;) < f(x2).
A function f is decreasing on an open interval [ if, for anv choice of x; and x5
in [, with x, << x;, we have f{x) = f(x,).
A function f is constant on an open interval [ il. for all choices of x in [, the

values f{x) are equal. _J

Decreasing open intervals

Increasing open intervals Constant open intervals

(-6,-4) = (-6,0) > (-4,0) = -6<x<-4

(3,6)=(3,0)>(6,0) = 3<x<6

(-4,0)=(-4,0)>(0,0) = -4<x<0|(0,3)=(0,0)>(3,0) = 0<x<3
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Inverses of Functions

Inverse of a Relation

Let R be arelation. The inverse of R, denoted R ', is the set

R_1={(b,a)|(a.b)eR}.

Caution!

. . 1
We are faced with another example of reuse of notation. f ~! does not stand for — ! We use an

exponent of —1 to indicate the reciprocal of a number or an algebraic expression, but when applied
to a function or a relation it stands for the inverse relation.

The Horizontal Line Test

Let fbe a function. We say that the graph of f passes the horizontal line test if every horizontal
line in the plane intersects the graph no more than once.

Finding Inverse Functions
Let f be a one-to-one function, and assume that f is defined by a formula. To find a formula for

f 71, perform the following steps:

1. Replace f( x)in the definition of f with the variable y. The result is an equation in x and y
that 1s solved for y at this point.
2. Interchange x and y in the equation.

3. Solve the new equation for y.

4. Replace the y in the remaining equation with f ! (x).
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FIND THE INVERSE OF:

x—3 . . : :
b. h(x) = > We will use the algorithm for this function.

x—3 . .

y = > The first step is to replace 2 ( x ) with y.
y—3 L . :

x = = 5 The second step is to interchange x and y in the equation.

v = y— 3 Cross multiply
y=2x+3 We now have to solve the equation for y.
' (x) = 2¢+3 The last step is to name the formula 4 ~1.

Use the given graph of y = f(x) to evaluate the following and graph the inverse of f(x).

(a) f(—5) (b} f(3) (e) £7H(1) (d) f~1(-5)
I 5 ] 5 27
4,13 1 (4,13
T od
r,/-’-‘,-"'f
) [T 7 12T | ¥ b ¥
‘,-"j T
rll.dlr-r’ ]
<
.-""I.rr -
rI-I-I.r

Y = f(x) Y = f1(x) (a) f(-5) point > (-5, 5)
X Y X Y .
7 5 z 2 (b) f(3)point=>(3,4)
_i i i -11 (c) F(1) point > (1, -4)
- - 5 -5 (d) FY-5) point > ( -5, -5)




