CHAPTER 5 SULLIVAN 9" Ed

5.7 for fun
Determine the Future Value of a Lump Sum of Money

Interest is moncey paid for the use of money. The total amount borrowed (whether
by an individual from a bank in the form of a loan or by a bank from an individual
in the form of a savings account) is called the principal. The rate of interest,
expressed as a percent, is the amount charged for the use of the principal for a given
period of time, usually on a vearly (that is, per annum) basis.

Simple Interest Formula

If a principal of P dollars is borrowed for a period of 1 years at a per annum
interest rate r, expressed as a decimal, the interest / charged 1s

I =Pn (n

Interest charged according to formula (1) is called simple interest. ]

In working with problems involving interest, we define the term payment
period as follows:

Annually: Once per year Monthly: 12 times per year
Semiannually: Twice per vear Daily: 365 times per year*
Quarterly: Four times per year

When the interest due at the end of a payment pernod 1s added to the principal
s0 that the interest computed at the end of the next payment period is based on this
new principal amount (old principal + interest), the interest is said to have been
compounded. Compound interest 1s interest paid on the principal and previously
carncd interest.

Example 1
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Computing Compound Interest

A credit union pays interest of 8% per annum compounded quarterly on a certain
savings plan. If $1000 is deposited in such a plan and the interest is left to accumulate,
how much is in the account after 1 year?

We use the simple interest formula, 7 = Prr. The principal P is $1000 and the rate of

, . , . 1
interest 1s 8% = 0.08. After the first quarter of a vear, the time 118 E‘_ﬂ:ar, so the
interest carned is

|
I =Prt= (511][!]}((].[!8](5) = $20
* Most banks use a 360-day “vear.” Why do you think they do?
The new principal is P + I = $1000 + $20 = $1020. At the end of the second
quarter, the interest on this principal is
I = ($l()2())(().()8)(£—) = $20.40

At the end of the third quarter, the interest on the new principal of
$1020 + $20.40 = $1040.40 is

1
I = (81040.40)(0.08)(-‘;) = $20.81
Finally, after the fourth quarter, the interest is
I = (31061.21)(0.08)(%) = §21.22

After 1 year the account contains $1061.21 + $21.22 = $1082.43. .J
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The pattern of the calculations performed in Example 1 leads to a general formula
for compound interest. To fix our ideas, let P represent the principal to be invested at
a per annum interest rate r that 18 compounded n times per vear, so the time

) R . .
of cach compounding period 1s o vears. (For computing purposes, ris expressed as a

decimal.) The interest carned after cach compounding period is given by formula (1).
L. . 1
Interest = principal X rate X time = P-r-; =pP- (:_1)

The amount A after onc compounding period is

weren(2)-ri-9)

After two compounding periods, the amount A, based on the new principal

p.(]—ki),is
o e L[ B e o R

(. - - ) T
- o

princips

After three compounding periods, the amount A is

a=p(142) s p(1+2) (L) = p-(1+2) - (1+2) = (14 )

Continuing this way, after n compounding periods (1 vear), the amount A is

n

Because 1 vears will contain n + 1 compounding periods, after 7 years we have
nw
.
A= P-(I % -)
n

The amount A after 7 vears due to a principal P invested at an annual interest
rate r compounded n times per vear is

A= -(1 +£)m 2

Compound Interest Formula
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Example 2

For example, to rework Example 1, use P = $1000, r = 0.08, n = 4 (quarterly
compounding), and r = 1 year to obtain

" 41
A= P-(l % ,—:) = 1000(1 + g) = $1082.43

In equation (2). the amount A is typically referred to as the future value of the
account, while P is called the present value.

To see the effects of compounding inter-
est monthly on an initial deposit of $1,
12x
graph Y, = (1 + %) with r = 0,06
andr = 012for0 = x = 30.Whatis the
future value of $1 in 30 years when the
interest rate per annum is r = 0.06 (6%)7
What is the future value of 51 in 30 years
when the interest rate per annum is
r=1012 (12%)? Does doubling the
interest rate double the future value? l

Comparing Investments Using Different Compounding Periods

Investing $1000 at an annual rate of 10% compounded annually, semiannually,
quarterly, monthly, and dailv will vield the following amounts after 1 vear:

Annual compounding (n = 1): A=P-(1 +r)
= ($1000)(1 + 0.10) = $1100.00

Semiannual compounding (n = 2): A= P'(‘ + %):
= ($1000)(1 + 0.05)* = $1102.50
Quarterly compounding (n = 4): A= P'(l + 5)4
= ($1000)(1 + 0.025)* = $1103.81
Monthly compounding (n = 12): A= P'(] + é)u
— {slmm}(l + %)u = §1104.71
Example 3

NA
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Example 4
Computing the Effective Rate of Interest—Which Is
the Best Deal?

Suppose vou want to open a money market account. You visit three banks to
determine their monev market rates. Bank A offers yvou 6% annual interest
compounded daily and Bank B offers vou 6.02% compounded quarterly. Bank C
offers 5.98% compounded continuously. Determine which bank is offering the
best deal.

The bank that offers the best deal is the one with the highest effective interest rate.

Bank A Bank B Bank C
0.06 13 0.0602 ! L
r'f:(l-l_ﬁ) -1 E=(|+ 3 )_1 r£=eﬁﬁ-i15ﬂf_1
= 1.06183 — 1 = 1.06157T — 1 = 1.06162 — 1
= (06183 = (.06157 = (.06162
= 6.183% = 6.157% = 6.162%

Since the effective rate of interest 1s highest for Bank A, Bank A 15 offering the best
deal.
1

Example 5
NA

Example 6
Rate of Interest Required to Double an Investment

What annual rate of interest compounded annually should vou seck if you want to
double vour investment in 5 years?

If Pis the principal and we want P to double, the amount A will be 2P. We use the
compound interest formula withn = l and ¢t = Sto find r.

nl
1

2P = P+(1 +r)’ L
2=(1+ r)s Osiide bioth sides by P
1 +r=V2 Cake the fifth root:of each side
r=V2 -1~ 1148698 — 1 = (.148698

The annual rate of interest needed to double the principal in 5 years is 14.87%.



Example 7
Time Required to Double or Triple an Investment

(a) How long will it take for an investment to double in value if it carns 5%
compounded continuously?

(b) How long will it take to triple at this rate?

(a) If Pis the initial investment and we want P to double, the amount A will be 2P
We use formula (4) for continuously compounded interest with r = 0.05. Then

A = Pe"
2P = PP A=2P r= 0095
2 = 6‘0‘05' ancel the
005‘ =In2 Eawrite logarithm
In 2
(== 13.86 : owe Tar
0.05 ‘

It will take about 14 years to double the investment.
(b) To triple the investment, we set A = 3P in formula (4).

A = Pe’
3P = Pel).()Sl A =3P r= 005
3 =M™ Cancel the P's
005t =In3 Rewrite as a logarithm.

It will take about 22 years to triple the investment.
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